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1 Density Function
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Definition 1 The density function of an n-variate normal distribution is Vx € R™,

fla) = (2m) V2 det(8) 2 exp (5o = 5o - ).

Remark: We write N(u, X).

Definition 2 The n-variate standard normal distribution is N(0, I,,).

2 Moment Generating Function

Theorem 1 The mgf of N(u, %) is Vt € R,

t'>t
M(t) = exp (u/t—i— 5 ) .
Proof. We have
M) = E (et'X)

— /OO e (2m) /2 det (%) V2 exp (;(m — )N~ u)) da

— 00

= /OO (2m) "2 det(X) "2 exp (t’x - %(z —p)S Nz - u)) dz,

— 00
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Corollary 1 Suppose that X ~ N(u,X). Then

E(X) = u
V(X) = %

Proof. Exercise.
Corollary 2 Suppose that X ~ N(u,X). Then
AX +b~N(Ap + b, ALA).
Proof. Exercise.
Remark: In particular, for i = 1,...,n, X; ~ N (u;,02).
3 Independence

Theorem 2 Suppose that X ~ N(u,X). Then X1, ..., X, are independent iff they
are uncorrelated.

Proof. “=—" Standard. “<=" Since X is diagonal,

det(L) = of---02

= om0 e (-2 00

i=1

= filw1) - fal®n).



4 Conditional Distribution

Let X = (Xl,XQ)I.

Theorem 3 Suppose that

Then

where

() =~ () [ 32

Xo| X1 ~ N (py1, Bagp1)

Proof. We have

So Vx € R",

f2|1($2|$1) =

WTS

popn = g2+ S S (X1 — ),
oo = Yoo — Yo X1 S
det(X) = det(Xq11)det (o2 — 821 57,'E12)

= det(En)det (222|1) .

f(@)
f1($1)

(2m) /2 det(£)1 exp (— (& — 1S (& — 1)/2)
(27)~m1/2 det(X11) /2 exp (—(xl — ,u1)’21_11(x1 — ,ul)/Z)
(271')_"2/2 det(222|1)_1/2

exp ( (= p)S™ @ — p) — (21 — 1) S (21 — m)]) .

|~

(x —p)S™ @ —p) — (21— 1) 517 (1 — 1)
(22 — pz — Son 217 (21 — )]’ Soa [2 = b2 — Zn By (@1 — )] -

We have

where

s-1 By BlQ]
By1 Baa |’

_ _ _ —1 _
= Z111 + Z111212 (222 - E212111212) 2212111
= I 42Tl Tat,

= —21_11212 (222 - E2121_11212)71
= _217112122272%17

= - (222 — 221Ef11212)_1 E2121711
= Ty

= 2521|1'



So
(= p)S7 o —p) = (@1 — ) S5 (21 — m)
= (21— ) S T0eE 0, Bn B (@1 — ) — 2(a1 — ) S TaeB ), (w2 — p2)
+(x2 — o) By (w2 — p2)
= (22— ) 22|1($ — p12) = 2(w2 — p2) T En X1y (21 — pua)
[221 )] 222|1221211 (1 — 1)
[(

Ty — fi2) — So1 X171 (21 ,ul)] 2272|1 (22 — p2) — 201 27 (21 — )] -

A Partitioned Matrices

A.1 Partitioned Matrices

Let
Ay . Ay
A= )
Ap1r -0 Amn
where for i =1,...,m, for j=1,...,n, A;; is m; X n;.

Definition 3 A is upper (lower) block triangular if
1. the diagonal submatrices are square,
2. the lower (upper) off-diagonal submatrices are 0s.
Remark: A block triangular matrix is square.
Definition 4 A is block diagonal if
1. the diagonal submatrices are square,

2. the off-diagonal submatrices are 0s.

A.2 Matrix Algebra

Let
A1 A12:|
A = ,
|:A21 Az
By Bio
B = .
{321 Bzz]
Then

A+B — [A11+B11 A12+B12}

Ag1 4+ Ba1 Asza + Bao
A11Bi1 + Ai12Bo1 A1 Bia + A12322:|

AB =
[A21Bn + A2 Ba1 A21Bia + A2 Baa

provided that they are conformable.



A.3 Inverses

Let A be a square matrix s.th.

Apr A
A=
[Am Az } ’

where A1, and Asy are square.

Theorem 4 Suppose that A and Aq1 are invertible. Then

A1 — {Bn 312]

Ba1 B
where
By = AR+ A A (A — 1421141_111412)71 An Ay,
Biz = —AR'Ap (As — An AR An)
Byr = — (A2 — 1421141_111412)_1 AnAr,
By = (A -— 14211417111412)_1 '

Proof. We have

AnBi +AieBar = I,
A11Bio + A12Byy = 0,
Ao By + AeBoy = 0,
Ao1Bia + AsoBay = 1.
Since Aq1 is invertible,
By = A (I— A;2Bs),
By = —Af11A12322~
Plugging these into the third and forth equations,
Aoy ATHI — AyaBay) + AaByy = 0,
—A21Af11A12322 +ApBy = I,
or
_ -1 _
By = — (A —AnAj'A) An A,
_ -1
By = (A — AniAj'Ap) .

Plugging these back,
Bll - Al_ll {I + A12 (A22 - A21A1_11A12)71 A21A1_11]
_ _ _ -1 _
= AL+ AN A (Ag — An A A) An AL,
_ _ -1
Bl2 - —AHlAlQ (AQQ - A21A111A12) .

O
Remark: A similar result holds when Aq is invertible.



A.4 Determinants

Lemma 1 Suppose that A is block triangular. Then
det(A) = det(A11) det(Ags).
Remark: This follows from Laplace’s expansion theorem.
Theorem 5 Suppose that Aqq is invertible. Then
det(A) = det(A11) det (Aos — Ax A7 A)
Proof. Let

(1 A AL
B |1 ~Ain]

By the previous lemma.

det(B) = 1.
So
det(A) = det(A)det(B)

= det(AB)

_ A A [I —Af A

= 2l

¢ ([Am Agy — Aoy AT Ava ])

= det(An) det (A22 — A21A1_11A12) .

O

Remark: A similar result holds when Ass is invertible.



